Simulation and experimental realization of acoustic black holes in analogue gravity systems have lead to a novel understanding of relevant phenomena such as Hawking radiation or superradiance. We explore here the possibility to use relativistic systems for simulating rotating black hole solutions and possibly get an acoustic analogue of a Kerr black hole. In doing so we demonstrate a precise relation between non-relativistic and relativistic solutions and provide a new class of vortex solutions for relativistic systems. Such solutions might be used in the future as a test bed in numerical simulations as well as concrete experiments.
I. INTRODUCTION
Black holes are among the most peculiar objects predicted by general relativity (GR) and as such provide an arena where interesting effects associated to gravity, both classical and quantum, can become manifest. However, such effects are quite difficult to study in astrophysics as they are faint or masked by more complex physical processes. Of course, the recent detection of gravitational waves [1] opens a new era for observational constraints on black hole models and physical properties but even with such advancements the intensity of some of the predicted effects is too weak to be realistically detectable in the near future.
In the past few decades, starting from a seminal idea by Unruh [19] , a lot of interest has been directed towards analogue models of gravity, that is condensed matter systems that reproduce kinematic aspects of the physics in curved spacetimes, and in particular also of black holes (for an exhaustive review see [5] ). One of the most studied systems is the (non-relativistic) barotropic, inviscid and irrotational fluid for which it can be proven that the linearized (acoustic) perturbations can be described as fields on a curved background, described by an acoustic metric. This analogy is applicable also to quantum systems that admit such a hydrodynamical limit, for example in non-relativistic Bose-Einstein condensates, that hence provide a way of testing quantum effects such as the Hawking radiation in conditions where the background physics is well known, and experimentally realizable.
Recently, it was established that a similar analogy also emerges in relativistic fluids [6, 22] and relativistic condensates [11] , and it was shown that in this case the structure of the resulting metric is more general (having a so called disformal form). They hence provide a potentially more versatile framework for simulating interesting spacetimes. It has already been shown that analogues of static black hole spacetimes both in the asymptotically flat and asymptotically (A)dS cases [10, 16, 17] can be obtained in relativistic condensates, and also cosmological metrics and structures of alternative theories of gravitation can be studied [9] . The main scope of this article is to understand if also rotating black holes spacetimes can fit in relativistic analogues and to study their relationship with the non-relativistic solutions.
In Section II we will review the emergence of the acoustic metric in a relativistic perfect fluid, the non relativistic limit and the realization of the analogy in relativistic Bose-Einstein condensates. In Section III we are going to show a general transformation that implies that, in the case of constant speed of sound, the relativistic acoustic metric is a more general kind of stationary metric than the non-relativistic one (in the sense that every non-relativistic acoustic metric can be brought into a relativistic one) and we are going to use this transformation to obtain the relativistic acoustic analogue of the Schwarzschild spacetime. In Section IV we are going to show that rotating black holes can be obtained in relativistic analogue gravity, in Section V we will present (2+1)-dimensional rotating black holes in relativistic fluids and condensates that are relativistic generalizations of the well known non-relativistic vortex geometry and in Section VI we will present two (3+1)-dimensional rotating black holes configurations. Finally, in Section VII we will present an acoustic analogue of the rotating BTZ metric, both in non-relativistic and in relativistic systems and in Section VIII we will discuss the relationship between the relativistic acoustic metric and the Kerr-Schild form of a metric, treating explicitly the Schwarzschild case, with the hope to give some insight towards the simulation of the full Kerr metric.
II. THE ACOUSTIC METRIC
The analogy between the behavior of acoustic perturbances in fluid systems and the propagation of fields in curved spacetimes is expressed by the emergence of a metric describing a curved background. In the case of a relativistic perfect fluid this metric was derived in [6] and, in a more detailed way, in [22] . We review here the basic steps of these derivations for completeness and for setting up our notation.
A relativistic perfect fluid in a spacetime with metric g µν is described by a unit timelike 4-velocity field V µ = v µ /c and has energy-momentum tensor
where e is the energy density and p is the pressure. We will take the fluid to be barotropic, that is with the energy density a function of the pressure alone, and with an irrotational flow, condition that is expressed as
where v is the one-form associated to the 4-velocity field. This implies that we can write the 4-velocity field in terms of a velocity potential θ as
The dynamical equations of the fluid are given by the conservation of the energy-momentum tensor
whose projections give the continuity equation [2, 22] 
where n is the number density, and the Bernoulli equation
The idea is now to consider an expansion for the quantities defining the fluid up to the first order in some small parameter
and define the acoustic perturbations to be the linear terms, while the 0 th -order quantities are the background. Inserting these expansions in the fluid equations and linearizing them one obtains that the perturbation of the velocity potential θ 1 satisfies
where w 0 is the background specific enthalpy and c 2 s
. . = c 2 dp de e0
is the speed of sound. This equation has the form of a massless Klein-Gordon equation in a curved background (characterized by a metric G µν )
if we identify
From this we obtain the relativistic acoustic metric (in d + 1 dimensions)
where one usually defines
We will call this kind of metric a metric of the Gordon form, since it has the same form of the metric derived by Gordon for the description of the propagation of light in a moving dielectric [14] . We will actually be interested in the case in which the fluid moves in a flat spacetime, so that g µν = η µν .
As is explained in [22] , in the non-relativistic limit in which v i , c s c (and also p 0 e 0 ), the acoustic metric (11) reduces (up to a constant factor) to the acoustic metric describing the propagation of acoustic perturbations in a non-relativistic perfect fluid, expressed by the line element
where ρ 0 is the background matter density and v i 0 . . = cV i 0 . Notice that these velocity components are the ones with respect to an orthogonal vector basis {∂ i }, and not an orthonormal one {ê i } that is usually used in non-relativistic context. This is important when working with curvilinear coordinates, and the two bases are related bŷ
where h i . . = √ η ii are the scale factors. In particular if we indicate with a tilde the components with respect to an orthonormal basis we have
A. Relativistic Bose-Einstein condensates
In non-relativistic analogue gravity there has been a great interest in Bose-Einstein condensates, as they indeed admit an hydrodynamic limit in which the acoustic 1 Notice that this equation differs by a factor |g| from equation (81) of [22] , the latter is correct in flat space and with Cartesian coordinates but acquires the extra factor otherwise. This slightly affects equations (82) and (83), but does not propagate any further. perturbations can be described by an acoustic metric as for a perfect fluid [4, 12, 13] . The interesting thing about BECs, besides the possibility of well-controlled experimental realization, is that away from the hydrodynamic limit they have a well-known microscopic behavior, hence providing a UV completion of the fluid description. This is important to address questions about the propagation of fields in curved spacetimes, in particular the influence of UV (trans-Planckian) frequencies on semiclassical effects such as the Hawking radiation.
Also in the relativistic case we have a realization of the analogy in a quantum system, that is a relativistic Bose-Einstein condensate (RBEC). The acoustic metric describing perturbations around the background is of the same form as the one for a relativistic perfect fluid, and this is essentially given by the existence of an hydrodynamic limit for the relativistic condensate. The use of these systems as gravitational analogues was presented in [11] ; we give here a brief overview of the characteristics of RBECs we will need.
The model is defined through a Lorentz invariant Lagrangian density for an interacting charged scalar field on a flat (Minkowskian) background
where m is the mass of the bosons, V (t, x) is an external potential and U is an interaction term. The possibility of condensation is given by the conservation of the charge of the condensate, that is the difference between particles and antiparticles. In the condensed phase, as in the nonrelativistic case, we can describe the condensate at the mean-field level with a scalar wavefunction φ satisfying
where the prime indicates the derivative with respect to ρ, while we can treat fluctuations as perturbations to the background asφ
For our scopes it is convenient to adopt the Madelung (density-phase) representation (19) and to introduce the quantities
(20) With these definitions the charge current conservation associated to the U(1) symmetry of the Lagrangian can be expressed as
while equation (17) takes the form
Instead the equation for the perturbationψ is
(23)
The hydrodynamic limit: the acoustic metric in RBECs
We are now going to show that the equations describing the RBEC background admit a limit in which they become the equations for a relativistic inviscid, barotropic and irrotational fluid. A similar discussion, with a different notation, can be found in [7] .
Equation (21) is already of the shape of a continuity equation, but we need to identify what the RBEC charge density ρ is from the point of view of a fluid. We can start by writing ρ as
where n and w will turn out to correspond to the number density and the specific enthalpy of the fluid. We can now write the 4-gradient of the phase in terms of a unit 4-vector V µ , i.e. such that V µ V µ = −1, that will be identified with the normalized 4-velocity of the perfect fluid,
that corresponds to the following expression for the 4-current
Thus the conserved current has the correct expression in terms of the would-be number density and velocity. We can compare (26) and (21) to obtain the fluid 4-velocity in terms of the quantity u µ we defined for the RBEC
From this we can see that the one-form associated to the 4-velocity has the form v = α(x)dθ, that is it is irrotational in the relativistic sense. Moreover we can obtain a unit timelike vector field from u µ by normalizing it, that is we can also express the fluid velocity without referring to thermodynamic quantities as
Now notice that equation (22) is reminiscent of Bernoulli equation (6) . In particular if the charge density ρ of the condensate varies slowly compared to the variations of the phase θ one can neglect the term
and obtain a Bernoulli equation with the thermodynamic quantities determined by the mass and interaction terms of the Lagrangian. This is the hydrodynamic limit, in which the condensate behaves as an inviscid, barotropic and irrotational relativistic fluid. Consider now equation (23) describing the perturbations. The dispersion relation associated to it is much more complex than the Bogoliubov one for nonrelativistic condensates and has more interesting regimes that were fully analyzed in [11] . Here we are interested in the low momentum regime, given by the following condition on the modes wavenumber k
where the perturbations have a phononic behavior. We also restrict to modes with period of oscillation and wavelength much greater than the typical scales over which the background quantities vary, this is called eikonal approximation. In this regime we can neglect the terms with T ρ in (23) so that, also using ∂ µ (ρu µ ) = 0, the equation describing the evolution of perturbationsψ can be rewritten as a massless Klein-Gordon equation in a curved background specified by the acoustic metric
that can be brought in the Gordon form in terms of V µ as written in (28) and of the speed of sound that is defined because of how it appears in the metric as c 2 s
). The metric in Gordon form is
Also the conformal factor is the same (up to an irrelevant constant factor) as the one of the metric (11) for a relativistic fluid because of the identification (24) of the condensate wavefunction amplitude ρ. The non-relativistic limit is here obtained when the normalized flow velocity v i and the speed of sound c s are much smaller than the speed of light c and also the self interaction between atoms is weak, condition that is expressed by c 0 c. From (22) (in the hydrodynamic limit) in the limit of small interaction we are left with
c. Moreover the speed of sound reduces to c s c 0 . Notice that we also get
so that u i reduces to the fluid flow velocity, without issues of normalization.
With these considerations, analogously to the case of a relativistic perfect fluid, one can show that the Gordon metric (31) reduces to the one for a non-relativistic condensate.
Fluid vs RBEC for analogue gravity
For what we said the gravitational analogue with Gordon metric in RBECs makes sense only in the hydrodynamic limit, in which the condensate behaves as a relativistic fluid. Hence there should be no difference in the simulation of acoustic black holes.
However, because of boson-antiboson annihilation, for the condensate the most natural density with respect to which to write the continuity equation is not the number density n as in the case of a proper fluid, but the charge density ρ that is related to the other one via (24) . This is relevant because assuming constant density can be a sensible and simplifying assumption when dealing with canonical analogue spacetimes (that is spacetimes that are not solutions of general relativity, but present the relevant features that one wants to reprduce, e.g. analogue horizons) and for a RBEC the density that is expected to be naturally adjustable is the charge density ρ.
This means that dealing with constant density ρ in condensates corresponds to a fluid description with non-constant number density, differently from the nonrelativistic case in which the density of the condensate corresponds to the number density in the fluid description.
One can hence naturally get different analogue spacetimes considering an actual fluid and a RBEC, even if every metric that admits Gordon form can be obtained with both systems. Also, the calculations turn out to be simpler for a relativistic condensate of constant ρ than for a fluid of constant n since the continuity equation involves u µ that is an exact 4-gradient and hence we have stricter conditions and do not need to enforce the irrotationality condition explicitly.
III. RELATIVISTIC VS NON-RELATIVISTIC ACOUSTIC METRICS
We already said that in the non-relativistic limit, in which both the flow velocity and the speed of sound are much smaller than the speed of light, the relativistic acoustic metric reduces to the non-relativistic one. Now we are interested in understanding if the different structure of the Gordon metric permits us to simulate spacetimes different from the ones achievable with the non-relativistic acoustic metric.
As was pointed out in [11] the spacetimes one can simulate with a non-relativistic acoustic metric are limited by the fact that they must have, for some choice of coordinates, conformally flat spatial slices. Thus we cannot obtain non-relativistic acoustic analogues of many spacetimes, including the Kerr spacetime. Indeed, it was proven that a wide class of stationary spacetimes does not admit conformally flat spatial slices (see for example [18, 23] ).
The Gordon metric instead does not in general have conformally flat spatial slices and hence admits in principle the simulation of different acoustic spacetimes. Actually we are now going to show that the Gordon metric can simulate more general stationary spacetimes, in the sense that every stationary metric that can be put in the non-relativistic acoustic form can also be put in the Gordon form.
We will now look for a transformation that brings us from a relativistic acoustic metric (or metric in the Gordon form) to a non-relativistic one and to see when it is valid. We focus on stationary flow configurations, that is with the velocity components independent from time, and assume the speed of sound to be constant.
We consider now the 2+1 dimensional case since the 3+1 dimensional one is analogous; also we consider the acoustic metrics up to a conformal factor since it is not relevant for the point we are trying to make. Let's take a generic metric in the Gordon form. The associated line element is
where we indicate with subscripts 1 and 2 two generic spatial coordinates. The idea is to find a coordinate transformation that eliminates the spatial cross terms from the metric, leaving conformally flat spatial slices. This is achieved with the change of coordinates
with which the metric takes the desired form
The dt 2 term can be rewritten as
where V is here the one-form associated to the spatial part of the velocity. Now remember that the covariant 4-vector V µ is the fluid covariant 4-velocity divided by c, hence we can define the covariant velocity components
that are related to the velocity vector components w i with respect to a normalized tangent space basis by
where h i . . = √ η ii are the scale factors.
In terms of this velocity w the form (35) of the metric has the manifest form of a non-relativistic acoustic metric
The 3+1 dimensional case is analogous and the change of coordinates (34) takes the general form
with a sum over the spatial indeces i. The question is now for which flows V µ this change of coordinates is integrable. We can find a condition imposing for the one-form that defines the change of coordinates to be closed, i.e. if the change of coordinates is dt = ω µ dx µ (where dx µ are a basis of one-forms and dt could also not be an exact differential) we have to impose
For both the (2+1) and the (3+1)-dimensional case, using also the relativistic irrotationality condition and remembering the assumptions of constant speed of sound c s and stationary flow, this condition becomes
Hence if the velocity flow satisfies this condition the change of coordinates is well defined globally and we can bring the relativistic acoustic metric into a nonrelativistic one. This integrability condition implies that the transformation is not possible for every relativistic acoustic metric derived for an irrotational flow, since (42) is not in general satisfied when the irrotationality condition V ∧dV is. Hence, as expected, we cannot bring any acoustic Gordon metric to a non-relativistic acoustic one, and this is an indication of the fact that the relativistic acoustic analogues admit the simulation of different spacetimes. Moreover notice that, when the transformation is applicable, the non-relativistic flow (37) corresponding to the 4-velocity of a relativistic fluid is not in general its nonrelativistic limit.
However, if we consider the transformation in the other direction
the integrability condition (42), also because ξ is assumed constant, corresponds to the vanishing of the rotor of the velocity (37). Since the non-relativistic acoustic metric is derived for an irrotational fluid we can hence say that any stationary non-relativistic acoustic metric can be put in Gordon form and hence in principle (from the geometric point of view) all the stationary spacetimes that can be simulated in non-relativistic fluid analogues (with constant speed of sound) can also be obtained in a relativistic fluid. In this sense the Gordon form is a more general form for a stationary metric than the non-relativistic acoustic one.
A. An example: the Schwarzschild black hole
We can use the transformation we just found to obtain the Schwarzschild spacetime in Gordon form up to a conformal factor, and indeed the non-relativistic acoustic simulation of its causal structure is known and was presented in [20] . In particular the Schwarzschild line element written in Painlevé-Gullstrand coordinates
(44) has the shape of a non-relativistic acoustic metric with a radial velocity
We now need to apply to the Painlevé-Gullstrand line element the inverse transformation with t = t P G , that in this case takes the form
As we showed for the general case above this gives us a Gordon metric with a radial component of the unit 4-velocity given by (38) and V 0 given by normalization, so that in spherical coordinates
Hence the Gordon metric with this V µ is, up to a conformal factor, the Schwarzschild one in unusual coordinates with c substituted by c s .
For a relativistic fluid we need to impose the continuity equation in spherical coordinates, that is
that implies for the number density
We can compare this result with the RBEC configuration that gives rise to a Gordon metric conformally related to Schwarzschild that was presented in [9] . By normalizing the 4-current field obtained there one obtains the 4-velocity field (47) we found.
IV. ROTATING ACOUSTIC BLACK HOLES
In [9] it was shown how static metric solutions can be incorporated in the formalism of relativistic acoustic spacetimes. We now focus on stationary axisymmetric solutions, having in mind rotating black holes.
We start by considering a transformation of the Gordon metric that brings it into a form that is manifestly stationary and axisymmetric. What we want to obtain is something of the form Take the Gordon metric in flat background, neglecting the conformal factor, written in generic curvilinear coordinates (t, x 1 , x 2 , φ):
where η ii are the elements of Minkowski metric. The coordinates x 1 , x 2 can for example be r, θ in spherical coordinates, or r, z in cylindrical coordinates. We take the unit timelike field V µ to be independent from t and φ since one expects an axisymmetric metric to have components independent from the coordinates that are Killing parameters.
The change of coordinates we are looking for is given by (where we indicate the Minkowski metric component η φφ with η φ )
(52)
The condition of integrability is not very compact and hence it is more convenient to check it with specific V -s. The Gordon metric with respect to coordinates (t , x 1 , x 2 , φ ) assumes the desired form
This form of the metric shows that stationary acoustic spacetimes can be obtained in relativistic gravitational analogues, and in particular rotating spacetimes, with the information of the rotation encoded in the azimuthal velocity V φ , in fact when this vanishes the metric assumes a manifestly static (diagonal) form.
To show that rotating acoustic black holes are possible we must show that horizons for this kind of metric can occur. Remember that the event horizon is a null hypersurface and, for the symmetries of the spacetime, it will be determined by the vanishing of some scalar quantity depending only on x 1 and x 2 , that is
that for the axisymmetric metric we are considering becomes
We are however free to redefine the coordinates on the 2-planes orthogonal to the Killing fields (x 1 , x 2 ) → ( x 1 , x 2 ) so that the above condition reduces to
that corresponds to saying that the event horizon occurs when G 11 = 0, or when G 11 diverges. From (53) this condition reads (remember
Another interesting location for a rotating black hole is the ergosurface that is found from the vanishing of the G 00 component. In particular from (53) the condition that individuates the ergosurface is
Remember that, as explained in [20] , in non-relativistic analogue gravity the ergosurface coincides with the surface where the fluid flow turns supersonic, while the horizon is a surface on which the normal component of the flow becomes supersonic. Conditions (57) and (58) are the relativistic generalizations of these notions, in fact they differ from the non-relativistic ones by a relativistic Lorentz factor ξ
Notice that, coherently with what we said above about the role of V φ , the ergosurface is distinct from the horizon only if v φ = 0.
A. (2+1)-dimensional stationary acoustic spacetimes
As one can see from (11) the Gordon metric depends on the dimensionality of the spacetime only in the conformal factor. Hence if we are interested in the causal structure of (2+1)-dimensional spacetimes with polar symmetry we can use cylindrical coordinates in the argument of the previous section, that is take (x 1 , x 2 ) = (r, z), impose V 2 = V z = 0 and work on constant-z planes. One then obtains the relativistic acoustic metric, with respect to suitable coordinates (t , r, φ ), in the form
(59) For the position of the horizon and the ergosurface (that will now be circles) the same discussion we did for the (3+1)-dimensional case holds. Moreover, notice that the polar symmetry and the stationarity require for the velocity to depend only on the radial coordinate x 1 = r.
V. RELATIVISTIC VORTEX GEOMETRY
In non-relativistic analogue gravity the simplest example of rotating spacetime is the vortex geometry presented in [20] obtained for a constant density fluid moving with flow speed
that has an associated acoustic metric
(61)
A. Vortex in a constant density relativistic fluid
We are now interested in the relativistic case. Consider a constant density relativistic perfect fluid; we are looking for (2+1)-dimensional configuration with circular symmetry satisfying the relativistic continuity equation (5) and the relativistic irrotationality condition (2) .
For what concerns the Bernoulli equation (6) we can use the freedom on the equation of state to satisfy it with the flow we desire.
Because of the requests of stationarity and circular symmetry the velocity components can only depend on the radial coordinate, so that the continuity equation is
where r 0 is a constant, while the irrotationality condition is
We can now insert the normalization condition for the 4-velocity
and integrate equation (63) to obtain v φ . We would like for the resulting Gordon metric to be asymptotically flat.
We already saw that the radial velocity goes to zero at infinity, so we require also for the azimuthal velocity to vanish asymptotically. Note however, that v φ (∞) = 0 is not the correct condition since it is a component of the covariant 4-velocity and what we want to set to zero is the component v φ = v φ /r with respect to an orthonormal basis of the tangent vector space. Hence we need to impose for v φ to be a constant at infinity, define
With this initial condition the integration of the irrotationality condition gives
Hence the covariant 4-velocity of the fluid is 
Notice also that the metric is singular for
where the flow (67) becomes ill-defined, and hence the flow configuration has an acoustic horizon if
. This condition is analogous to the condition a < M for the Kerr geometry to avoid naked singularities, however here we do not have the double horizon structure as in Kerr.
Notice that the fact that the singularity is a ring differs from the non-relativistic case, in which the flow is well defined till r = 0. Also, when the azimuthal velocity goes to zero, i.e. a → 0, the horizon and the ergosurface coincide as for a static black hole and the singularity of the flow moves to r S = 0. We also observe that even if the term dt dφ in (68) is asymptotically constant, this effective spacetime is asymptotically flat and it can be seen by normalizing the angular coordinate. This was expected since we required this in fixing the initial condition for the azimuthal velocity.
The non-relativistic limit
Here the non-relativistic limit is given by the conditions
that for the square root in the 4-velocity (67) implies
so that
This is to be compared with the velocity field (60) of the non-relativistic vortex geometry, but we need to pay attention to the usual issue of the choice of the vector basis. The spatial part of (73) with respect to an orthonormal basis (ê r ,ê φ ) is
that is exactly as (60). 
B. Vortex in a constant density RBEC
Consider now a relativistic Bose-Einstein condensate with constant charge density ρ. We need to enforce the continuity equation (21) and the irrotationality condition is substituted by the fact that the 4-current u µ must be a 4-gradient. Again we can use the freedom on the choice of the interactions of the Lagrangian to take the speed of sound to be constant and to satisfy the condition (22) on the norm of u µ for the flow we need.
Again, because of the interest in spacetimes with polar symmetry, the radial and azimuthal components of u µ must dependent only on r. The continuity equation for constant density, as for the fluid case, hence gives
while the fact that u µ is a 4-gradient implies that u 0 and u φ cannot have space-temporal dependence, otherwise the radial component would depend on t, φ. So we take
Hence we have the 4-current
so that the normalized covariant 4-velocity that enters the Gordon metric is
The acoustic line element in the form (59) with this flow becomes
from which we can as before see that there is an ergosurface at
and an horizon at
that, as before, could also have been obtained by studying the modulus of the 4-flow V µ . Also in this case, the ergosurface is always external to the horizon (since c s /c < 1), and coincides with it in the limit of vanishing azimuthal velocity, i.e. for a → 0. The metric is singular where the flow is so, that is for
which is always smaller than r H for any value of r 0 and a. It is perhaps worth noticing that the radius of the singularity does not shrink to zero when the rotation vanishes as was the case for the relativistic fluid. Of course, a relativistic fluid analogue could reproduce the same feature but at the cost of allowing a non-constant number density. Finally, let us stress that even if this vortex configuration is different from the one we derived above for a constant (number) density relativistic fluid, they both reduce to the vortex geometry (60) in the non-relativistic limit.
VI. (3+1)-DIMENSIONAL STATIONARY ACOUSTIC BLACK HOLES
We showed in the general discussion of Section IV that the Gordon metric admits stationary acoustic black holes also in (3+1) dimensions. We are now going to show that it is reasonably easy to find an explicit 3-dimensional flow configuration for the scope; however, both the flow and the metric have generally complicated forms and are not as easy to understand as the vortex geometries we presented in the previous section. For simplicity, we shall focus on constant-density relativistic condensates.
A. Zero polar flow
Let us consider first a configuration for a RBEC with zero polar flow, that is with u θ = u 2 = 0. This corresponds to V 2 = 0. The continuity equation and the fact that u µ must be a 4-gradient imply for the 4-current
where r 0 and a are constants. This corresponds to a unit fluid 4-velocity
(84) The metric is quite long to write down and the more compact form (53) is not applicable here since the change of coordinates (52) is not integrable. Hence in order to determine the positions of the horizon and the ergosurface we have to check where respectively the radial part and the norm of the spatial part of the 4-current exceed c s /ξ.
The horizon turns out to be located at the radius
while the ergosurface at
Moreover, the metric is singular where the normalized 4-velocity (84) is singular, that is at
Notice that, due to the appearances of c and c s , we correctly have, for every value of r 0 and a, 
B. Complete flow
As above we are interested in stationary axisymmetric acoustic black holes, hence we look for a 4-current field that, in spherical coordinates, depends only on the radial and the polar coordinates. The constant-density continuity equation is
A simple case is the one in which this is satisfied by the separate vanishing of the two terms, that is
The other two components of the 4-current are again constant because of the 4-gradient constraint:
The fact that u µ is a 4-gradient also implies that its differential must vanish, condition that, because of the sole r and θ dependence, only consists in the equality
that can be integrated to obtain (up to additive constants)
and also implies that these two functions are proportional to the same parameter, that we express as c s b 2 . Hence, introducing also r 2 0 . . = A/c s , we have the 4-current
Once normalized this 4-current can be put in the relativistic acoustic metric and the positions of the horizon and the ergosurface can be found as above. We do not write this down explicitly since the expressions are rather messy and not very significant. We instead give a graphical representation in Figure 2 of the streamlines of V µ (expressed with respect to a normalized basis of vectors) in the simpler case r 0 = 0. One can see that south of the equator the flow is directed away from the rotation axis, while north of the equator the flow is directed towards the axis. Hence the fluid crosses the horizon in opposite directions, so that the acoustic perturbations are all swept outwards in the southern hemisphere and inwards in the northern one. This means that the horizon passes from being a white hole one to being a black hole one. that can be compared with the non-relativistic acoustic metric line element (13) in polar coordinates to see that if we define the velocity (again we indicate with a tilde the components with respect to an orthonormal basis)
VII. ACOUSTIC ANALOGUES OF THE BTZ ROTATING BLACK HOLE
automatically satisfying the irrotationality condition, we have a non-relativistic acoustic form. Notice however that f 2 is not always smaller than one for a BTZ black hole, hence the acoustic form of the metric is valid only in the range where this is true, that is where the radial velocity w r = c s 1 − f 2 is well defined, and this happens for R − ≤ r ≤ R + with
(103) Also R − < r − < r + < R + so that we can simulate the region of the BTZ spacetime containing the two horizons.
To have an acoustic analogue including also the ergosurface region we must further restrict the parameters of the BTZ black hole, in particular requiring for the radius of the ergosurface r E = √ M to be smaller than the upper radius of the simulated region R +
This constraint must be added to the condition to avoid a naked singularity (99), that assures the presence of the horizons. In the region where the analogy holds we still have to impose the continuity equation, that for timeindependent matter density is ∇ · (ρw) = 0 and in our case is
Hence we need to fine-tune the density as
to satisfy the continuity equation.
As a check we can compare the radial flow we found here with the one obtained in [10] for the simulation in non-relativistic acoustic of the (d+1)-dimensional AdS Schwarzschild black hole. In particular they find for the radial flow in BEC for d = 2 (equation (40) in the article)
where r 0 is a constant. We can compare this with our w r , as defined in (102), with J = 0
to see that they correspond if we set r 0 = M + 1.
B. The BTZ metric in Gordon form
In Section III we showed how a non-relativistic acoustic metric (that is associated to an irrotational flow) can always be brought in the Gordon form. We now want to apply the transformation to the non-relativistic acoustic form of the BTZ metric we just found.
The unit timelike vector is chosen as
that is (47) with c 2 replaced by c 2 /(1−ξ), again to obtain the one of the acoustic case when we substitute c. With this change of coordinates the Schwarzschild metric takes the form
that correctly reduces to a relativistic acoustic metric with the substitution c → c s . Finally we can reabsorb the √ 1 − ξ factors by redefining the time coordinate as
so that the Schwarzschild metric assumes the proper Gordon form g µν = η µν + ξV µ V ν . Notice that, besides the acoustic interpretation of this shape of the metric, this is a new form of the Schwarzschild metric, that may be worth investigating on its own.
For what concerns instead the Kerr-Schild form, it can be easily obtained by taking the a → 0 limit of the KerrSchild form in Kerr-Schild coordinates of the Kerr metric (114), so that the Schwarzschild metric can be written as (reintroducing G and c)
where L µ is the null one-form (in spherical coordinates)
However, this form can also be obtained from the usual expression of the Schwarzschild line element (116) by performing the change of coordinates
that is the ξ → 0 limit of the transformation (117). We can then combine the two transformations (124) and (118) to obtain the redefinition of the time coordinate that brings us from the Kerr-Schild form to the Gordon one:
dr. (125)
Notice that this reduces to an identity for ξ → 0. This reflects the fact that in this limit the timelike 4-vector √ ξV µ (with V µ given by (119)) reduces to the null vector of the Kerr-Schild form (122). Unfortunately, no generalisation of the above transformation for the Kerr geometry has been found up to date. We plan to further explore this issue in future work.
IX. CONCLUSIONS
In this article we considered analogue gravity in relativistic fluids and relativistic condensates, showing the link between the two. In particular we focused on the relation with the non-relativistic case and on rotating acoustic black holes. Even if these relativistic systems still cannot be obtained in a laboratory, they provide an interesting conceptual tool and may naturally occur in cosmological and astrophysical context.
We showed how every stationary spacetime that can be obtained in non-relativistic acoustic metric with constant speed of sound can be also obtained in the relativistic case by deriving a transformation that maps between the two and we explicitly discussed it for the case of the acoustic analogues of the Schwarzschild spacetime.
We then showed that the relativistic acoustic metric is compatible with the occurrence of rotating acoustic black holes, that is with the presence of horizons and ergoregions, and we presented the relativistic generalization of the vortex (or draining bathtub) geometry, showing that this presents some new features with respect to the nonrelativistic analogue. We also provided some examples of (3+1)-dimensional configurations.
Eventually, we focused on the acoustic simulation of general-relativistic rotating spacetimes obtaining a fluid configuration that reproduces a region of the causal structure of the rotating BTZ black hole, for both the nonrelativistic case and the relativistic one. Finally we commented on the relation between the Kerr-Schild form the Gordon one, analysing in detail the Schwarzschild case, with the aim to lay the foundations of a future generalisation to the Kerr geometry case.
So, in conclusion, the investigations here presented extend the existent results on the general-relativistic objects one can mimic in relativistic analogues and clarifies the relationship with their non-relativistic counterparts. Moreover, the fluid analogies we presented here provide an intuitive picture of rotating spacetimes and might serve as useful toy models for looking at important concepts of general relativity. As a future perspective, we hope that this work will further stimulate the research towards the development of a full Kerr black hole analogue which could provide a very useful test bed for numerical simulations of relevant phenomena involving astrophysical black holes.
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